Abstract: In this paper, we study the structure of locally compact metric spaces of Hausdorff dimension 2. If such a space has non-positive curvautre and a local cone structure, then every simple closed curve bounds a conformal disk. On a surface (a topological manifold of dimension 2), a distance function with non-positive curvature and whose metric topology is equivalent to the surface topology gives a structure of a Riemann surface. The construction of conformal disks in these spaces uses minimal surface theory; in particular, the solution of the Plateau Problem in metric spaces of non-positive curvature.
Introduction
One of the basic theorems of two dimensional surfaces is the existence of isothermal coordinates which implies that an oriented Riemannian surface is a Riemann surface. This is important in geometry because it gives use of powerful methods in complex analysis in the study of surfaces.
The importance of removing the regularity requirement in the theorem was realized by C.B. Morrey. Morrey weakened the regularity requirement in his Bounded Measurable Riemann Mapping Theorem: Theorem 1.1 (Morrey) Let Σ be a surface with metric tensor given in local coordinates by bounded measurable function satisfying g 11 g 22 − g 2 12 ≥ > 0 almost everywhere.
For each P ∈ Σ, there is a nbhd U of P and a homeomorphism h : D → U satisfying the conformality relations A natural assumption replacing the hypothesis regarding the regularity of the metric is to require that the surface is endowed with a distance function satisfying the NPC (non-positively curved) condition. This essentially means (see section 2 for the precise definition) that geodesic triangles are thinner than the corresponding comparison triangles in R 2 . Furthermore, we are interested in allowing our spaces to not only be topological surfaces, but to be in a more general class of two dimensional spaces. In particular, a commonly studied class of spaces are simplicial complexes. For example, these spaces were used by Gromov and Schoen [GS] in their investigation of p-adic superrigidity for lattices in groups of rank one. A locally compact NPC simplicial complex has the property that for each point P , there is a sufficiently small r (depending on P ) so that all geodesic emanating from P can be extended uniquely to length greater than r. If a point P has this property, we will say that the cone length at P is r, and any space with positive cone length at each point is said to have a local cone structure. We prove: Theorem 1.2 Let (X, d) be a locally compact NPC space with Hausdorff dimension 2 and a local cone structure. Let P ∈ X and assume that there exists a simple closed curveΓ which is homotopically nontrivial in X − {P }. Then there exists a conformal homeomorphism u from the unit disk D into X such that P ∈ u(D). Theorem 1.2 has the following immediate corollary: Corollary 1.3 Let X be a surface (i.e. a topological manifold of dimension 2) endowed with a distance function d which makes (X, d) into a NPC space. Furthermore, assume that the metric topology of (X, d) is equivalent to the surface topology. Then for every P ∈ X, there is a neighborhood U of P and a conformal homeomorphism u : D → U . In particular, this gives X a conformal structure making it into a Riemann surface. Corollary 1.3 is actually implied by an old theorem of Reshetnyak's from the 1960's (see [R1] ). We point out that our method of proof is quite different. In [R1] , the distance function given is first approximated by distance functions induced by Riemannian metrics. The isothermal coordinates for (X, d) are obtained by taking a converging sequence of local conformal maps for the approximating Riemannian metrics. Note that this sort of an argument does not generalize to spaces (such as X in Theorem 1.2) which cannot be approximated by Riemannian manifolds. Our argument does not rely on this approximation technique and hence is a more general construction. We hope to find more applications of the methods outlined below in the investigation of singular spaces of non-positive curvature. This paper is organized as follows: In Section 2, we recall the notion of curvature bounds in a metric space. Furthermore, we quote some results from the work of KorevaarSchoen in [KS1] and of the author in [M] that is needed in this paper. Sections 3 to 6 comprise the proof of Theorem 1.2. The map u in Theorem 1.2 is the solution to a Plateau Problem which we set up in Section 3. In this way, we obtain a conformal map but we still need to check that u is actually a homeomorphism. Section 4 discusses the order function which is needed to construct the homogeneous approximating map of Section 5. Using the homogeneous approximating map, we prove the injectivity of u in Section 6 thereby completing the proof.
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Preliminaries
Metric Spaces with Curvature Bounded from Above First, we review the notion of curvature bounds in a metric space X. We assume our metric spaces to be length spaces, i.e. for each P , Q ∈ X, there exists a curve γ P Q such that the length of γ P Q is exactly d(P, Q). We call γ P Q a geodesic between P and Q. We then say that X is an NPC space or that X has non-positive curvature in the sense of Alexandrov if geodesic triangles in X are thinner than their comparison triangles in R 2 . In other words, for every P, Q, R ∈ X and corresponding pointsP ,Q,R ∈ R 2 with
where Q 1/2 is the midpoint of γ QR andQ 1/2 is the midpoint of the line segment between R andQ. The more general notion of curvature bounded from above by some constant κ is defined by replacing R 2 with surface S κ of constant curvature κ and requiring that diam( P QR) ≤ Theorem 2.1 Let (X, d) be a metric space of curvature bounded from above by κ and Γ be a closed rectifiable curve in X. Then there exists a convex domain V in S κ and a map ϕ : V → X such that ϕ(∂V ) = Γ, the lengths of the corresponding arcs coincide, and
For O in X, we define a notion of angle for geodesics emanating from O. Such a definition is used in [ABN] to define a notion of tangent cone (which generalizes tangent spaces of Riemannian manifolds) in metric spaces of curvature bounded from above. The definitions below are special cases of their construction.
Definition 2.2 Let γ, σ geodesics in X emanating from point P . Then
is called the angle between γ and σ.
Remark: The limit above exists because X is an NPC space.
Definition 2.3 Let Λ O (X) be the set of all geodesics emanating from the point O and define an equivalence relation
The following lemmas are straightforward consequences of the NPC condition. (For more details see [ABN] , where many of the properties of metric spaces are deduced from first principles.) We let P, Q, R ∈ X.
Lemma 2.5 Two geodesics emanating from a point diverge in comparison to Euclidean rays of the same angle. In other words, if
Lemma 2.6 Geodesics in an NPC space are continuously dependent on their endpoints.
In particular, this implies that NPC spaces are simply connected.
Variational Theory in Complete Metric Spaces
Let Ω be a compact domain in R n and (X, d) any complete metric space. In [KS1] , Korevaar and Schoen develop the space W 1,2 (Ω, X). (In [KS1] , Ω is allowed to be a Riemannian domain, but an Euclidean domain is sufficient for our purposes.) Here we define this space and collect some of their results.
A Borel measurable map u : Ω → X is said to be in
Note that by the triangle inequality, this definition is independent of P chosen. For u ∈ L 2 (Ω, X), we can construct an approximate energy function e : Ω → R,
Here Ω is the set of points in Ω with distance from the boundary more than and B (x) is a ball of radius centered at x. Letting e (x) = 0 for Ω−Ω , we have that e (x) ∈ L 1 (Ω) and by integrating against continuous functions with compact support, these functions define linear functionals E :
It can be shown that if u has finite energy, the measures e (x)dx converge in the weak* topology to a measure which is absolutely continuous with respect to the Lebesgue measure. Hence, there exists a function e(x), which we call the energy density, so that e (x)dx e(x)dx. In analogy to the case of real valued functions, we write |∇u| 2 (x) in place of e(x). In particular,
Similarly, the directional energy measures |u * (Z)| 2 dx for Z ∈ ΓΩ can also be defined as the weak* limit of measures Z e dx, where
a.e. x ∈ Ω. Finally, we have
This definition of Sobolev space W 1,2 (Ω, X) is consistent with the usual definition when X is a Riemannian manifold.
The following is the solution to the Dirichlet Problem in this setting.
Theorem 2.7 ([KS1], [S1], [S2])
Let Ω be a Lipschitz domain, (X, d) be a complete metric space of curvature bounded from above by κ and φ ∈ W 1,2 (Ω, X). If κ > 0, assume further that φ(Ω) lies within a sufficiently small geodesic ball in X. Define
Then there exists u such that
Furthermore, u is locally Lipschitz continuous in the interior and Hölder continuous up to the boundary.
The regularity of the map u above is due to Korevaar and Schoen in the case κ ≤ 0 and due to Serbinowski (using the assumption that φ(Ω) lies in a small geodesic ball) in the case κ > 0. Furthermore, (still assuming an upper curvature bound of κ) we can make sense of the notion of the pull back inner product
The construction of π above is due to Korevaar and Schoen [KS1] in the case κ ≤ 0 and the author [M] in the case κ > 0. Hence, for u ∈ W 1,2 (D, X) where D is the unit disk in the plane, we can define the area as
Using the variational tools developed in [KS1] and using classical arguments, one can solve the Plateau Problem in this setting (see [M] ) and we have:
The Plateau Problem Let Γ be a closed Jordan curve in X (where X is a metric space of curvature bounded from above by κ) and let
There exists u ∈ C Γ so that A(u) = inf{A(v)|v ∈ C Γ }. Moreover, u is weakly conformal, i.e. π 11 = π 22 and π 12 = 0 = π 21 and Lipschitz continuous in the interior of D and continuous up to the boundary.
We call λ = π 11 the conformal factor of the pull back inner product. We have the following in [M] :
In particular, using the properties of subharmonic functions, the above theorem implies that λ(z) > 0 for a.e z ∈ D. In fact, in [M] we show:
Theorem 2.9 Let u ∈ W 1,2 (D, X) be a conformal energy minimizing map with conformal factorλ. Thenλ > 0 for a.e. z ∈ D. Furthermore, there is a representative λ in the L 1 -equivalence class of the functionλ defined by
so that the perimeter of the set {z : λ(z) < t} goes to zero as t → 0.
3 The Plateau Problem ¿From this point on in the paper, we will assume the hypothesis of Theorem 1.2, and in particular, dim X = 2. Let P ∈ X have cone length r. The map u corresponding to P in Theorem 1.2 will be the solution to a Plateau Problem. In order to set up this Plateau Problem, we will first construct a simple closed curve Γ of finite length. (Note thatΓ = ∂B r (P ) need not be of finite length.) For this Γ, Lemma 3.3 says that the solution u : D → X of the Plateau Problem has the property that P ∈ u(D).
Lemma 3.1 Let Q 1 , Q 2 ∈Γ. LetΓ 1 andΓ 2 be the two components ofΓ − {Q 1 , Q 2 }. For all δ > 0, there exists > 0 with the following property: For any Q 1 , Q 2 ∈Γ and
Proof: Suppose the statement of the lemma is not true. Then there exist sequences Q 1,j , Q 2,j ∈Γ, componentsΓ 1,j andΓ 2,j ofΓ − {Q 1,j , Q 2,j } and sequence
SinceΓ is compact, we may choose subsequence j → ∞ such that Q 1,j → Q 1 and Q 2,j → Q 2 and Q j → Q ∈Γ 1 whereΓ 1 andΓ 2 are the components ofΓ − {Q 1 , Q 2 }. But this implies d(Q,Γ 2 ) = 0, contradicting the fact thatΓ is a simple curve. 2 Given > 0, {B (Q)} Q∈Γ form an open covering ofΓ. SinceΓ is compact, there exists a finite set Q such that {B (Q)} Q∈Q coversΓ. There is a natural ordering of elements in Q defined by a choice of a parameterizationγ : [0, T ] → X of the simple closed curveΓ, i.e. we order Q= {Q 0 , Q 1 , ..., Q N −1 } so that t 0 < t 2 < ... < t N −1 where t i =γ −1 (Q i ). In what follows, the index i will be denoted modulo N . Lemma 3.2 Let 0 be the corresponding to δ = r 4 in Lemma 3.1. Let Q be as above with choice of = min{ 0 ,
Then there exists t so that t i < t < t, Q =γ(t ) and
. By Lemma 3.1, d(Q ,Γ 2 ) > whereΓ 2 is the component ofΓ − {Q i , Q} that does not contain Q . Hence Q is not contained in B (Q j ) for all Q j ∈ Q. This is a contradiction. 2 Now let σ i be the geodesic from Q i to Q i+1 . The above lemma tells us that each point of σ i is at a distance less than r 2 from Q i since the distance fromΓ to P is equal to r. This combined with Lemma 2.6 tells us that τ i = σ i γ([t i , t i+1 ]) is contractible to Q i in X − {P }. In other words, σ i andγ restricted to [t 1 , t i+1 ] are homotopically equivalent in X − {P }. HenceΓ, the closed curve defined by taking the union of geodesics σ i , is homotopically equivalent toγ. Furthermore, it is of finite length since it is a finite union of geodesics. Letγ : S 1 → X be a parameterization ofΓ and let ξ t : [0, 1] → X be the arclength proportional parameterization of the geodesic from P toγ(t). Let γ(t) = ξ t (r 0 ) where r 0 > 0 is chosen so that for each t, d(P, ξ t (r 0 )) is less than the cone length at P . The fact that γ is continuous and has finite length follows directly from Lemma 2.4. By construction, it is also clear that γ(S 1 ) is homotopically equivalent toΓ and hence non-trivial in X − {P }. Thus, we can choose Γ ⊂ γ(S 1 ) which is simple, closed and non-trivial in X − {P }. By the local cone structure of X, it is easy to see that Γ bounds a topological disk containing P which is just the union of geodesics from P to points on Γ. We will call this surface C(Γ). We will show in Section 5 that: Lemma 3.3 For the Plateau solution u : D → X with boundary data Γ, u(D) = C(Γ). In particular, P ∈ C(Γ).
Before we do this, we need to analyze the local behavior of conformal energy minimizing maps.
The Order Function
In this section, we use ideas developed in Part I, Sections 1 through 3 of [GS] for energy minimizing maps into non-positively curved Riemannian simplicial complexes. Here, u is assumed to be a conformal energy minimizer from the disk D into X as in Theorem 1.2 and λ is the conformal factor of the pull back inner product under u. The following is essentially Lemma 1.3 of [GS] adapted to our setting.
Lemma 4.1 For almost every z ∈ D, we have
Here, D σ (z) ⊂ D denotes the disk of radius σ centered at z.
Proof: By Theorem 1.9.6 and equation (1.10v) of [KS1] , for a.e. z ∈ D, we have that
Furthermore, since λ is a L 1 function, for a.e. z ∈ D by the Lebesgue Point Lemma,
Since for a.e. z ∈ D, λ(z) > 0, the conclusion follows immediately. 2
Following the notation of [GS] , we let
and
where Q z,σ is the unique minimum point of function Using the order function above, we will analyze the behavior of the map u near a point z ∈ D. For now, we will analyze this at the origin 0 ∈ D and let O = u(0). Consider the blow up maps u σ :
Note that
Hence,
Hence
and u σ restricted to D r for r < 1 is uniformly Lipschitz in the sense that for every x, y ∈ D r , there exists constant L such that for sufficiently small σ
The above follows directly from the fact that energy minimizers into NPC spaces are Lipschitz away from the boundary with Lipschitz constant depending on total energy and distance to the boundary(see [KS1, Theorem 2.4 .6]). Using this fact, we will obtain a homogeneous approximating map which we will use to analyze u near 0.
The Homogeneous Approximating Maps
Our goal is to obtain a homogeneous approximating map to u : D → X. First, we need the following construction. Consider distance functions d λ on the space X defined by [P] and [G] ). For 0 = r 0 < r 1 < r 2 < ... < r n = R with r i+1 − r i < , the union of the 2 -nets of ∂B r i (O) forms a -net of B R (O) as can be seen by the following claim.
Claim The interior of a quadrilateral in Σ with side lengths less than is covered by -balls centered at the vertices.
Proof: The statement of the claim is true if Σ = R 2 . Hence the claim follows from Theorem 2.1.
2(claim)
Hence it is sufficient to find -nets N λ of ∂B λ 1 (O) converging in the Lipschitz distance to -net N of ∂B * 1 (O). To do this, we first let N be an 2 -net of ∂B * 1 (O). ∂B * 1 (O) is compact and we can choose N which is finite, say {(γ 1 , 1), ..., (γ n , 1)}. By definition,
and since
Hence for sufficiently small λ,
Furthermore, by equation 2,
we see that
This shows that N λ converges to N in the Lipschitz distance. 2
Lemma 5.2 Suppose (X k , d k ) are compact metric spaces converging in Hausdorff distance to a compact metric space
Proof: Let d H (·, ·) denote the Hausdorff distance and without the loss of generality,
Here the notation (Y ) is used to denote the -neighborhood of the set Y . For x ∈ D, let P x,k be the point such that
Note that P x,k ∈ ψ k (X) since X is compact and ψ k is an isometry and, furthermore,
Since X is compact, there exists a subsequence Q x,k converging to point Q x .
Let C = {x n } be a countable dense subset of D. By the diagonalization process, we can extract sequence k 1 < k 2 < ... so that for each n, Q xn,k j converge to Q xn . Furthermore,
Define f :D → X in the following way: first for x ∈ C, let f (x) = Q x . Now note that any y, z ∈ C, equation 4 and the fact that the Lipschitz constant for f k is L independently of k shows that d(Q y , Q z ) ≤ L|y − z|. Hence for x ∈ D and a subsequence {x i } ⊂ C converging to x, Q x i converges, say to a point Q. We define f (x) = Q. By construction, f has the desired properties. 2
We follow the notation of Section 4 and let (r, θ) be the standard polar coordinates of D r . Let σ i be a sequence converging to 0. Fix r < 1 and consider pseudo distance functions d σ i onD r defined by pulling back the distance functions d µ(σ i ) under u σ i . We claim that the functions d σ i :D r ×D r → R are uniformly Lipschitz (independent of i) with respect to the product topology onD r × D r . This follows easily from the triangle inequality and the fact that {u σ i } is uniformly Lipschitz: let (x 1 , x 2 ), (y 1 , y 2 ) ∈D r ×D r , then
Hence there is a subsequence of {d σ i }, which we still call {d 
By Theorem 3.11 of [KS2] , u 0 is a conformal map and hence
for some constant β. Furthermore (again by [GS] ) the image of the curve t → u(tx), 0 ≤ t ≤ r, is a geodesic for any x ∈ ∂D r and d O (u 0 (·), u 0 (·)) defines a cone metric onD r . This shows that the image of ∂D r under u 0 is a closed curve (and not a segment). By the cone structure and the two dimensionality of X 0 , this implies that u 0 (∂D r ) is non-trivial in X 0 − {O}. Therefore:
Lemma 5.3 There exists δ 0 > 0 such that for all θ ∈ [0, 2π], u 0 (r, θ) = u 0 (r, θ + δ 0 ).
